Abstract. We obtain uncountably many periodic solutions to the singular Yamabe problem on a round sphere, that blow up along a great circle. These are (complete) constant scalar curvature metrics on the complement of S 1 inside S m , m ≥ 5, that are conformal to the round (incomplete) metric and periodic in the sense of being invariant under a discrete group of conformal transformations. More precisely, these metrics descend to compact quotients of S m \ S 1 . Furthermore, for 5 ≤ m ≤ 7, the solutions come from bifurcating branches of constant scalar curvature metrics on the compact quotient.
Introduction
A major achievement in Geometric Analysis was the complete solution of the Yamabe problem, which asserts that any compact Riemannian manifold (M, g) of dimension dim M = m ≥ 3 admits a metric g that has constant scalar curvature and is conformal to g. Attempts to generalize this statement in many directions have provided a fertile research area in the last decades. One such direction is to drop the compactness assumption on M . In this case, it is natural to only consider complete metrics, even though every conformal class obviously contains both complete and incomplete metrics. A well-studied version of this question is the following: Singular Yamabe Problem. Let (M, g) be a compact Riemannian manifold and Λ ⊂ M be a closed subset. Find a complete metric g on M \ Λ that has constant scalar curvature and is conformal to g.
Although considerable progress was made in the general case, for many reasons the above problem is specially interesting when (M, g) is the round sphere (S m , g round ), see Schoen [22, Sec 5] . This situation was initially considered in the 1970's by Loewner and Nirenberg [11] , that obtained existence of solutions with scal < 0 in some cases where the Hausdorff dimension of Λ is ≥ (m − 2)/2. Most of the subsequent contributions to the problem, up to present days, assume that Λ is smooth, with remarkable exceptions due to Finn [9, 10] . Under this assumption, Aviles and McOwen [3] proved that for a general (M, g), a solution with scal < 0 exists if and only if dim Λ > (m − 2)/2, in which case one also has uniqueness of solutions and regularity results, see Mazzeo [17] .
Analogously to the classic Yamabe problem, the case scal ≥ 0 is considerably more involved. The first major breakthroughs were obtained by Schoen [23] and Schoen and Yau [24] . The latter established that if S m \Λ admits a complete metric with scalar curvature bounded below by a positive constant, then the Hausdorff dimension of Λ is ≤ (m − 2)/2, and the former constructed several examples of domains S m \Λ that admit complete conformally flat metrics with constant positive scalar curvature, including the case where Λ is any finite set with at least two points. This existence result was greatly generalized by Mazzeo and Pacard [18, 19] , allowing Λ to be a disjoint union of submanifolds with dimensions between 1 and (m − 2)/2 when (M, g) is a general compact manifold with constant nonnegative scalar curvature, and between 0 and (m − 2)/2 in the case of (S m , g round ). Some of the first solutions to the Singular Yamabe Problem on S m \ Λ were constructed by lifting solutions to the classic Yamabe problem from compact quotients. In these constructions, Λ is either a round subsphere S k ⊂ S m or a totally unrectifiable set, such as a Cantor set. Since the corresponding metrics on S m \ Λ are invariant under a discrete (cocompact) group of conformal transformations, we slightly abuse terminology and call these periodic solutions.
Let us describe trivial periodic solutions when Λ is a round subsphere S k ⊂ S m , following Mazzeo and Smale [20] . Through stereographic projection using a point in S k , there is a conformal equivalence
Consider the flat metric in the latter, given in cylindrical coordinates by dr 2 + r 2 dθ 2 + dy 2 , where y is the coordinate in R k and (r, θ) are polar coordinates in its orthogonal complement R m−k . Dividing by r 2 , we obtain that this metric is conformal to
which is clearly the ordinary product metric on S m−k−1 × H k+1 . Thus, g prod is a (smooth) solution to the Singular Yamabe Problem, since it is conformal to the (incomplete) round metric on S m \ S k and has constant scalar curvature equal to:
In particular, notice that scal k,m > 0 precisely when k < (m − 2)/2. Mazzeo and Smale [20] used this trivial solutions to prove existence of infinitely many other solutions with scalar curvature scal k,m , by perturbing the subsphere S k ⊂ S m with a diffeomorphism of S m close to the identity. These were the first non-periodic solutions to be found on S m \ S k . The purpose of the present paper is to apply bifurcation techniques to obtain new periodic solutions. We concentrate in the exceptional case k = 1, which allows for nontrivial paths of non-isometric compact quotients of S m \ S k . These can be seen as arising from paths of cocompact lattices Γ t ⊂ H 2 , which give rise to a family of hyperbolic surfaces (Σ, h t ) = H 2 /Γ t . By taking the product with (S m−2 , g round ), we get a path of compact quotients (S m−2 × Σ, g round ⊕ h t ) of (S m \ S 1 , g prod ) with varying period, along which we prove existence of bifurcation. Notice that if k ≥ 2, this construction would always result in the same compact quotient, by the Mostow Rigidity Theorem. Our central result is:
Theorem A. There exist uncountably many branches of periodic solutions to the singular Yamabe problem on S m \ S 1 , for m = 5, 6 and 7, having (constant) scalar curvature arbitrarily close to scal 1,m = (m − 4)(m − 1).
All these new periodic solutions have positive constant scalar curvature, and since scal 1,m > 0 if and only if m ≥ 5, the values of m considered begin at the smallest possible. Furthermore, since scal 1,4 = 0, any two constant scalar curvature metrics on a compact quotient of (S 2 × H 2 , g prod ) must be homothetic [2, p. 175] , hence g prod is the only periodic solution on S 4 \ S 1 . Although our lower bound m ≥ 5 is thus expected, the upper bound m ≤ 7 is somewhat artificial and very likely unnecessary.
To describe the origin of such current restriction, recall that standard variational bifurcation theory requires a certain nondegeneracy condition at the endpoints of the given path of trivial solutions. When translated to the above context of constant scalar curvature metrics on S m−2 ×Σ, this condition holds precisely when (m−4) is not an eigenvalue of the Laplacian of the hyperbolic surface Σ. Establishing nondegeneracy via perturbations is customary in most bifurcation results on the Yamabe problem [4, 5, 15] , since nondegeneracy is a generic property among metrics. Nevertheless, among hyperbolic metrics on a surface, perturbation techniques to avoid certain values in the spectrum are rather involved, and no such genericity result is available. Our approach is then to only generically rule out small values of (m − 4), by applying a result that uses real analyticity of eigenvalues (Proposition 2.3) to an example of (Σ, h) with large first positive eigenvalue λ 1 (Σ, h), see Lemma 2.5. Due to the Yang-Yau upper estimates on the first positive eigenvalue, the largest possible λ 1 on a hyperbolic surface is allowed when the genus is 2. We thus resort to the so-called Bolza surface (Σ B , h B ) for the required example, which is the genus 2 hyperbolic surface with largest systole, which has 3 < λ 1 (Σ B , h B ) < 4, see Subsection 2.3. Consequently, Theorem A only covers the cases m = 5, 6, 7, even though the remainder of the proof automatically generalizes to higher dimensions, provided this nondegeneracy issue is resolved differently.
Although nondegeneracy cannot be guaranteed for higher m, a byproduct of some classic spectral results used in the proof of Theorem A gives a milder result for all m ≥ 5. Namely, spectral considerations imply that in some compact quotients of S m \ S 1 , the constant scalar curvature metric locally isometric to g prod is not a minimizer of the Hilbert-Einstein functional in its conformal class. Consequently, the classic solution to the Yamabe problem in this conformal class must be a different periodic solution. This observation yields the following:
Theorem B. For all m ≥ 5, there exist uncountably many non-isometric periodic solutions to the singular Yamabe problem on S m \ S 1 with positive scalar curvature that are not locally isometric to g prod .
The paper is organized as follows. In Section 2, we recall some spectral properties of hyperbolic surfaces. The appropriate variational framework for finding metrics of constant scalar curvature is discussed in Section 3, and the core bifurcation result (Theorem 3.4) is proved. Finally, Section 4 contains the final arguments necessary to prove the above Theorems A and B.
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Spectrum of hyperbolic surfaces
Let Σ be a closed oriented smooth surface of genus gen(Σ) ≥ 2. Recall that by the Uniformization Theorem, every conformal class of metrics on Σ contains a unique representative of constant sectional curvature −1, called a hyperbolic metric.
We denote by H(Σ) the space of smooth hyperbolic metrics on Σ, endowed with the Whitney C ∞ topology. 1 The Riemannian manifold (Σ, h), with h ∈ H(Σ), will be called a hyperbolic surface, and we denote the spectrum of the Laplacian operator on real-valued functions on (Σ, h) by
where each eigenvalue is repeated according to its multiplicity. The spectrum of hyperbolic surfaces is a classic field of research, and while many estimates and qualitative properties are known, also many open questions remain elusive. The goal of this section is to discuss some basic spectral properties of hyperbolic surfaces. For a comprehensive study of spec(Σ, h), see Buser [6, 7] and Chavel [8] .
2.1. Small eigenvalues. An important aspect of the spectrum of hyperbolic surfaces that is used in our applications regards the first few eigenvalues. To illustrate the peculiar behavior of these small eigenvalues, we recall that classic estimates imply that, for any gen(Σ) ≥ 2, there exist hyperbolic metrics on Σ whose first 2 gen(Σ) − 3 eigenvalues are arbitrarily close to zero. On the other hand, the longstanding conjecture that at most 2 gen(Σ) − 2 eigenvalues can be ≤ 1 4 for any hyperbolic metric on Σ was recently proved by Otal and Rosas [21] . A classic fact related to the above is that arbitrarily many eigenvalues can lie in [ To simplify notation, let us we define
Note that this is well-defined for any a > 0, since lim n→+∞ λ n (Σ) = +∞. 
is a real analytic path-connected 2 manifold, the conclusion follows.
1 Observe that, in this particular situation, the choice of Whitney C ∞ topology still allows for the use of results usually available only for Banach manifolds. More precisely, denote by Hr(Σ) the Banach manifold of C r hyperbolic metrics on Σ, with the Whitney C r topology, and by Diff + r (Σ) the group of orientation preserving C r diffeomorphisms of Σ. It is well-known that the orbit space T (Σ) = Hr(Σ)/Diff + r (Σ), called the Teichmüller space of Σ, is independent of r and homeomorphic to R 6 gen(Σ)−6 , see Tromba [27] . Moreover, given any smooth hyperbolic metric g 0 ∈ Hr(Σ), there exists a (6 gen(Σ) − 6)-dimensional submanifold S of Hr(Σ), consisting only of smooth hyperbolic metrics, such that the restriction to S of the quotient map π : Hr(Σ) → T (Σ) is a smooth diffeomorphism onto a neighborhood of π(g 0 ) ∈ T (Σ). Thus, results on Banach manifolds can also be applied to H(Σ), provided they are local and invariant under diffeomorphisms.
2 Since T (Σ) = H(Σ)/Diff + (Σ) and Diff + (Σ) are path-connected, so is H(Σ).
Avoiding eigenvalues.
In our applications, a crucial step is to avoid a given λ in spec(Σ, h), at least generically. With this purpose, we have the following: Proposition 2.3. For any fixed λ ∈ R, the following hold: (a) If there exists h ∈ H(Σ) with λ ∈ spec(Σ, h), then the set h ∈ H(Σ) : λ ∈ spec(Σ, h) is open and dense in H(Σ). (b) Assume that λ ∈ spec(Σ, h) for every h ∈ H(Σ). Then, for every real analytic curve [a, b] ∋ t → h t ∈ H(Σ), there exists k ∈ N such that the multiplicity of λ ∈ spec(Σ, h t ) is ≥ k, and equality holds on the complement of a countable subset of t ∈ [a, b].
Proof. The condition λ ∈ spec(Σ, g) is open in the space Met(Σ) of all smooth Riemannian metrics g on Σ, hence also in H(Σ). In order to prove density of this condition, assume λ ∈ spec(Σ, h), and let h ′ ∈ H(Σ) be arbitrary. Let [0, 1] ∋ t → h t ∈ H(Σ) be a real analytic path, with h 0 = h and h 1 = h ′ . The corresponding Laplacians ∆ ht form a real analytic path of symmetric unbounded discrete operators, and by the Kato Selection Theorem [13] , their eigenvalues can be reordered to be real analytic functions on [0, 1]. None of these functions is identically equal to λ, because λ ∈ spec(Σ, h 0 ). Thus, each of these eigenvalue functions can be equal to λ only a finite number of times. In particular, the set of t such that λ ∈ spec(Σ, h t ) is at most countable, and its complement is dense. Hence, there are t's arbitrarily close to 1 for which λ ∈ spec(Σ, h t ), which proves (a).
The proof of (b) uses the Kato Selection Theorem in a similar fashion. Let [a, b] ∋ t → h t ∈ H(Σ) be a real analytic path and k ≥ 1 be the minimum multiplicity of λ as an element of spec(Σ, h t ), t ∈ [a, b]. The eigenvalues of ∆ ht can be reordered to be real analytic functions on [0, 1], and exactly k of these functions are identically equal to λ. The remaining eigenvalue functions are not constant equal to λ, and therefore can take the value λ only at a finite number of t's.
Remark 2.4. Although it is very likely that the condition in (b) above is never satisfied, to our knowledge, one cannot rigorously exclude this possibility.
As mentioned in the Introduction, we have to guarantee that, up to a small perturbation, some hyperbolic metric on Σ does not have a given integer number in its spectrum. Although this property seems to obviously hold for all integers, it turns out to be difficult to rigorously prove it. Our approach is to only rule out small integer numbers using Proposition 2.3 (a), together with an example of a hyperbolic surface (Σ, h) with large first positive eigenvalue λ 1 (Σ, h).
The Bolza surface.
A classic estimate due to Yang and Yau implies that the first positive eigenvalue of a hyperbolic surface (Σ, h) satisfies
Thus, the larger gen(Σ) is, the smaller the bound on λ 1 (Σ, h). In order to rule out as many integers as possible with this approach, we restrict our attention to the lowest possible gen(Σ) = 2. A well-studied surface in this class is the Bolza surface (Σ B , h B ), which is the genus 2 hyperbolic surface with largest systole 3 and largest possible conformal group. Given the relations between the spectrum of the 3 The systole of a closed Riemannian surface is the least length of a closed geodesic that cannot be contracted to a point in the surface.
Laplacian and the length spectrum, it is not surprising that the Bolza surface has large λ 1 . Using this fact, we have the following: Lemma 2.5. Let Σ be a closed oriented surface of genus 2. The subset of hyperbolic metrics on Σ whose spectrum does not contain the integers 1, 2 and 3 is open and dense in H(Σ).
Proof. Classic numeric estimates of the first positive eigenvalue of the Bolza surface (see [26, § 5.3] and references therein) show 4 that 3 < λ 1 (Σ B , h B ) < 4. In particular, the integers 1, 2 and 3 do not belong to spec(Σ B , h B ). The conclusion follows immediately from Proposition 2.3 (a).
Bifurcation of constant scalar curvature product metrics
Let (N, g N ) be a compact Riemannian manifold with dim N = n and constant scalar curvature scal N ∈ R, and let (Σ, h) be a hyperbolic surface. Denote by g = g N ⊕ h the product metric on N × Σ. The product manifold (N × Σ, g) has
In this section, we discuss the variational approach to the problem of finding constant scalar curvature metrics on N × Σ and establish our core results regarding bifurcation of solutions to this problem that issue from families of product metrics. 
It is well-known that φ ∈ [g] v is a critical point of the Hilbert-Einstein functional
if and only if φ ∈ C ∞ (N × Σ) and g φ = φ 4 n g has constant scalar curvature, see [14, 22, 28] . In particular, since the product metric g has constant scalar curvature, the constant function 1 ∈ [g] v is a critical point of A. The second variation of A at this critical point is the bilinear symmetric form on
4 More precisely, it is known that λ 1 (Σ B , h B ) ∼ = 3.838.
Using the compactness of H
, we get that there exists a self-adjoint operator F g :
given by a compact perturbation of the identity, such that
In particular, F g is an essentially positive Fredholm operator of index zero. The dimension of ker F g and the number (counted with multiplicity) of negative eigenvalues of F g are, respectively, the nullity and the Morse index of 1 as critical point of A in [g] v . As customary, the second variation of A is better understood using an L 2 -pairing, rather than H 1 , in the space of functions on N × Σ with zero average. Replacing (3.2) with
). The operator J g , called the Jacobi operator, is a self-adjoint elliptic operator explicitly computed as
The kernel and the number of negative eigenvalues of F g and J g coincide, so the nullity and Morse index of critical points of the Hilbert-Einstein function can be computed using the spectrum of J g . The latter is given by the (positive) spectrum of the Laplacian ∆ g , shifted to the left by scalN −2 n+1 , i.e., the eigenvalues of J g are:
where the above are repeated according to multiplicity. This proves the following:
Lemma 3.1. The Morse index and nullity of 1 ∈ [g] v as critical point of A : [g] v → R are, respectively, the finite numbers:
and ν(g) = dim ker J g .
is not in the spectrum of J g , since the only constant function on L 2 0 (N ×Σ, g) is identically zero. We also recall that it is well-known that eigenfunctions of J g are smooth and form an orthonormal basis of L 2 0 (N ×Σ, g). 3.2. Bifurcation. Instead of having a fixed hyperbolic metric on Σ, let h t ∈ H(Σ), t ∈ [a, b], be a path of hyperbolic metrics. Then, we have a corresponding path
of product metrics on N × Σ satisfying (3.1). We say that t * ∈ [a, b] is a bifurcation instant for g t if there exist sequences {t q } q∈N in [a, b] converging to t * and {g q } q∈N in Met(N × Σ) converging to g t * as q → ∞, such that: (i) each g q has constant scalar curvature; (ii) g q is conformal to g tq , but
In other words, t * is a bifurcation instant if local uniqueness of g t as a solution to (3.1) fails around g t * , i.e., for any open neighborhood of g t * ∈ Met(N × Σ), there are other constant scalar curvature metrics (with normalized volume) in the conformal class of some g t , with t near t * . We now establish the key result used in our applications, namely, the existence of paths of product metrics on N × Σ along which the Morse index has arbitrarily large variation. Proposition 3.3. Assume that the following inequalities hold:
Then, for any fixed (Σ, h 1 ) and any nonnegative integer d, there exists a real analytic path h t ∈ H(Σ) such that setting
Proof. Choose a ∈ scalN −2 n+1 , λ 1 (N ) . From Corollary 2.2, there is a real analytic path g t = g N ⊕h t , such that n a (Σ, h 0 ) > n a (Σ, h 1 )+d. Note that i(g 0 ) ≥ n a (Σ, h 0 ). Since λ 1 (N ) ≥ a, the only eigenvalues of the Laplacian of (N × Σ, h 1 ) that are smaller than a are of the form ∈ spec(Σ, h). Choose any h 1 ∈ H(Σ) and any nonnegative integer d, and let h t be as in Proposition 3.3. Then, there exist h 0 , h 1 ∈ H(Σ) arbitrarily close to h 0 and h 1 respectively, such that for any continuous path [0, 1] ∋ t → h t ∈ H(Σ) between h 0 and h 1 , there exists at least one bifurcation instant t * ∈ [a, b] for the path of constant scalar curvature metrics g t = g N ⊕ h t on N × Σ.
Proof. The proof is an application of a classic Morse index bifurcation criterion (see [25] ), adapted to a variable domain framework as in [15, Appendix A] .
Choose metrics h 0 , h 1 ∈ H(Σ) and a nonnegative integer d as in Proposition 3.3. Since
does not belong to the spectrum of some h ∈ H(Σ), by Proposition 2.3 (a), we can find h 0 and h 1 arbitrarily close to h 0 and h 1 respectively, such that
∈ spec(Σ, h 0 ) ∪ spec(Σ, h 1 ). By continuity of the spectrum, if h 0 and h 1 are sufficiently close to h 0 and h 1 respectively, then setting
n+1 , for i = 0, 1, the only eigenvalues of g i that lie in the interval 0,
are of the form
for all k, proving the claim.
Consider any continuous curve [0, 1] ∋ t → h t ∈ H(Σ), and set g t = g N ⊕ h t as in (3.6). There is an associated continuous family of smooth functionals A t : [g t ] v → R defined by (3.3) . We can assume that for all t, the constant function 1 t ∈ [g t ] v is an isolated critical point for A t , otherwise the result is trivial. As explained above, d 2 A t (1 t ) is represented by a Fredholm operator, so the first derivative dA is a nonlinear Fredholm map near 1 t . This implies that each A t satisfies a local Palais-Smale condition around 1 t .
5 Thus, for any fixed t * , there are δ > 0 and a fixed neighborhood U of 1 t * in H 1 (N × Σ) such that A t satisfies the Palais-Smale condition on U ∩ [g t ] v for all t ∈ [t * − δ, t * + δ].
According to Lemma 3.1, the Morse index i(g t ) of 1 t as a critical point of A t is given by (3.5) . By (3.7), this is equal to the number (with multiplicity) of eigenvalues of the Laplacian of h t that are < scalN −2 n+1 . Furthermore, the nullity of this critical point, i.e., the dimension of ker d 2 A t (g t ), is equal to the multiplicity of
in the spectrum of g t , see (3.5) . In particular, g t is nondegenerate if and only if
∈ spec(N × Σ, g t ) The result is now obtained by a standard variational bifurcation result, that in addition to the above local Palais-Smale condition, only requires that g 0 and g 1 are nondegenerate critical points of A 0 and A 1 respectively and i(g 0 ) = i(g 1 ). These conditions follow respectively from the fact that
is not in the spectrum of g 0 or g 1 and by Proposition 3.3. For details on the complete formulation of such bifurcation result, see e.g. [4, 15, 25] .
Remark 3.5. It is not hard to show that the sequence of metrics that bifurcate from g t * in Theorem 3.4 converges to g t * in the C r -topology, for arbitrary r ≥ 2. More generally, suppose that M is a compact manifold with dim M = m, g q is a sequence of smooth metrics on M and u q : M → R + is a sequence of smooth positive functions, such that:
• g q has unit volume and constant scalar curvature for all q;
• g q → g ∞ in the C s -topology, with s ≥ 2; • u q g q is a unit volume constant scalar curvature metric for all q;
Then, using L p -estimates for solutions of second order elliptic equations, see [12, Thm 9.14, p. 240], it follows that scal(u q g q ) → scal(g ∞ ) and u q → 1 in the Sobolev space W s+1,p (M ), with p = Moreover, each metric g * in a bifurcating branch is conformal (but not isometric) to a metric of the form g round ⊕ h, with h ∈ H(Σ), and this easily implies 6 that g * is not a product metric on S m−2 × Σ. Thus, the pullback of g * to S m−2 × H 2 is a complete constant scalar curvature metric which is conformal (but not isometric) to the product metric g prod . This proves Theorem A.
For m > 7, we cannot guarantee nondegeneracy at the endpoints of the path of metrics g t = g round ⊕ h t , so standard bifurcation results cannot be applied. Nevertheless, for any m ≥ 5, we have proved the existence of uncountably many hyperbolic metrics h ∈ H(Σ) such that the Morse index i(g round ⊕ h) is arbitrarily large. Hence, the corresponding Yamabe metric g Y (h), i.e., the metric with same volume as g round ⊕ h at which the Hilbert-Einstein functional attains its global minimum in the conformal class of g round ⊕ h, must be a different constant scalar curvature metric. Arguing as above, scal g Y (h) > 0 and the pullback of g Y (h) is a periodic solution to the singular Yamabe problem on S m \ S 1 that is not locally isometric to g prod , proving Theorem B.
